Abstract. It is proved for certain graded non-commutative rings that if M and N are graded bi-modules, finitely generated from either side, then the Ext groups between M and N vanish from some step if and only if the Ext groups between N and M vanish from some step.
Introduction
It is a striking result of commutative algebra that if A is a local complete intersection ring and M and N are finitely generated A-modules, then This was first proved in [3] using the theory of characteristic varieties. Later, a clever, simple proof was given in [4] using elementary homological arguments. This proof works if A satisfies a condition of uniform Ext vanishing which can easily be checked for local complete intersections.
This paper proves a version of (1) for certain non-commutative rings, including twisted homogeneous coordinate rings of elliptic curves. The basis of the proof is a condition of uniform Ext vanishing just as in [4] ; I will call this "condition (U)". However, due to their commutative nature, most of the proofs from [4] cannot be used in my situation. So instead, my proofs rely on the well developed theory of local cohomology.
To ensure the presence of a sufficiently strong homological framework, I will assume at the outset that A is a noetherian connected N-graded algebra with a balanced dualizing complex (see [9] and [10] ) and that the modules M and N are graded A-bi-modules. I will also assume that A is AS Gorenstein (see for instance [6] ); this must be the case anyway since the ground field k viewed as a graded A-bi-module satisfies Ext At the end of the paper I will show that condition (U) holds for quotients of AS regular algebras by regular sequences of graded normal elements. This applies in particular to twisted homogeneous coordinate rings of elliptic curves since these are quotients of Sklyanin algebras by a single graded normal element.
As for terminology and notation, I refer the reader to the literature. See for instance [2] , [6] , [7] , [9] , or [10] .
Setup 0.1. Throughout, k is a field and A is a noetherian connected N-graded k-algebra which has a balanced dualizing complex and is AS Gorenstein of dimension d.
Everything in sight will be graded and so for instance, "module" is to be read as "graded module". Homological invariants are understood to be computed in the graded categories.
Remark 0.2. For A to be AS Gorenstein of dimension d means that the injective dimension id A A is equal to d and that
along with the same conditions from the right. Here k(ℓ) denotes the ℓ'th shift of the graded module k. Using the derived local section functor RΓ m , the balanced dualizing complex of A is given by D = RΓ m (A) ′ according to [9, thm. 6.3] and so it follows from [7, thm. 1.2] 
in the derived category D(A e ), for some automorphism σ of A. Here Σ d denotes d'th suspension, and the superscript σ indicates that when a and b in A act on x in the A-bi-module A σ , the result is axσ(b). The local duality theorem [9, thm. 5 
Lemmas
This section shows some easy results which would be classical in commutative algebra. Recall that depth is defined by
Let M be a finitely generated A-left-module. In this case, depth M is equal to
It was proved in [7, prop. 4.3] that depth M is equal to the first number in the lemma. And equation (3) gives the first = in
A (M, A) = 0 }, so the two numbers in the lemma are equal. Lemma 1.2. Let M = 0 be a finitely generated A-left-module. Then
′ is an equivalence of categories by [7, thm. 3.3] . Hence also H(RΓ m (M) ′ ) = 0, and since depth M is equal to the first of the numbers in lemma 1.1, it follows that depth M is a finite number.
But depth M is also equal to the second of the numbers in lemma 1.1 and when this number is finite, it is clearly
By abuse of notation, I will denote both the functor Hom A (−, A) on A-left-modules and the functor Hom A op (−, A) on A-right-modules by (−) * . Lemma 1.3. Let G be a finitely generated A-left-module and suppose
Proof. Lemma 1.1 gives
Since id A op A < ∞, there is an isomorphism
by [6, thm. 1.4]. It was proved above that Ext i A (G, A) = 0 for i ≥ 1, and this implies RHom A (G, A) ∼ = Hom A (G, A) = G * . So the isomorphism can also be written
and since the cohomology of the left hand side is concentrated in cohomological degree 0, the cohomology of the right hand side,
is also concentrated in degree 0. This is equivalent to (ii).
Finally, as H(RHom
Lemma 1.4. Let G be a finitely generated A-left-module and suppose depth G = d. Then there is a short exact sequence of finitely generated A-left-modules
(ii) The module G is either zero or has depth G = d.
(iii) The sequence remains exact when the functor Hom A (−, A) = (−) * is applied.
Proof. Pick a short exact seqence
where P is a finitely generated free module, and consider the dual sequence 0 → G * * → P * → K * → 0.
This is a short exact sequence because it is part of the long exact sequence
to be equal to (6) and check that conditions (i) to (iii) are satisfied.
Condition (i) holds because F = P * is free since P is free. Condition (ii) follows from the long exact sequence which consists of pieces
, because depth G = depth F = d and because G = 0 implies depth G ≤ d by lemma 1.2. And to prove condition (iii), observe that when the functor Hom A (−, A) = (−) * is applied to (7), I get a sequence which is part of the long exact sequence
The following is sometimes known as Auslander's pitchfork construction. Construction 1.5. Let M = 0 be a finitely generated A-left-module with depth M = m and construct an exact sequence
where the P i are finitely generated free modules. Using induction along the sequence, it is easy to see
By iterating lemma 1.4 it is therefore possible to construct an exact sequence
where the F i are finitely generated free modules, which remains exact when the functor (−) * is applied.
Note that this implies that
is an (unconventionally numbered) augmented free resolution of G * .
be an (unconventionally numbered) finitely generated augmented free resolution of G. This exact sequence also remains exact when the functor (−) * = Hom A (−, A) is applied because depth
is an augmented free resolution of M.
Splicing (9) and (11) gives a complex
and the properties established above imply that this is an exact complex of finitely generated free modules which stays exact under (−) * .
Main results
Condition 2.1. The algebra A will be said to satisfy condition (U) if there is a constant C such that, for a finitely generated A-left-module M and an A-bi-module N with A N and N A finitely generated, the condition Ext Remark 2.2. Condition (U) is not automatic for algebras falling under setup 0.1. In [5] is constructed a certain connected N-graded k-algebra A which is commutative, finite dimensional over k, and selfinjective; this algebra certainly satisfies the conditions of setup 0.1.
And yet, A fails to satisfy condition (U): There exist finitely generated A-modules M and N 1 , N 2 , N 3 , . . . so that for each q,
Suppose that A satisfies condition (U). Let M be a finitely generated A-left-module and let N be an A-bi-module with A N and N A finitely generated. Then
Proof. The case M = 0 is trivial, so suppose M = 0 and perform construction 1.5 on M. For the rest of the proof, I shall use G, P , and F to have the same meaning as in 1.5.
The sequence
is an augmented free resolution of M by equation (12). And the complex of free modules F is exact, so for each s and t ≥ 1, and so I have proved that for each s,
where (a) is because F consists of finitely generated free modules. Hence F * ⊗ A N is exact. By equation (10), 
is concentrated in cohomological degrees ≤ 0. (13) However, I can compute as follows,
where (b) is by adjointness. And depth G = d allows the computation
is concentrated in cohomological degrees ≤ 0. Combining with equations (14) and (15), the same must be true for
But by equation (8) there is an exact sequence
where the P w are finitely generated free. The condition id A A = d clearly implies id A P w = d for each w, so for each w, Proof. (i) It is clear that B is a noetherian connected N-graded kalgebra.
Since A has a balanced dualizing complex, [9, thm. 6.3] 
By [7, thm. 4.5] this forces id B B = d − 1. Since I can carry out the same argument from the right, this proves that B is AS Gorenstein of dimension d − 1.
(ii) The change of rings spectral sequence [8, thm. 11 .65] degenerates to a long exact sequence Example 2.6. Suppose that k is algebraically closed. Let E be an elliptic curve over k, let τ be an automorphism of E, and let L be a line bundle on E.
In [1] was considered the twisted homogeneous coordinate ring with n'th graded piece
The 3-dimensional Sklyanin algebra A determined by E, τ , and L was also studied, and it was realized that B ∼ = A/(x) where x is a certain normal element of degree 3. Now, A is AS regular of dimension 3, and it is easy to check that hence, A has a balanced dualizing complex and is AS Gorenstein of dimension 3, so A satisfies the conditions of setup 0.1. Moreover, being AS regular, A has finite global dimension and therefore trivially satisfies condition (U). By lemma 2.5, the algebra B ∼ = A/(x) has a balanced dualizing complex, is AS Gorenstein of dimension 2, and satisfies condition (U). Example 2.7. More generally than in the previous example, any AS regular algebra A has a balanced dualizing complex, is AS Gorenstein, and trivially satisfies condition (U). By repeated use of lemma 2.5, if x 1 , . . . , x n is a regular sequence of graded normal elements of positive degrees in A then the algebra B ∼ = A/(x 1 , . . . , x n ) has a balanced dualizing complex, is AS Gorenstein, and satisfies condition (U).
Hence theorem 2.4 applies to B. Note that such a B is probably an example of a non-commutative local complete intersection algebra, but it seems unlikely that all examples should have this form.
